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ABSTRACT

This report examines ceriain phases of the dynamic behavior of both an open-
circuit stable, two-terminal negative-resistance device with its specific equivai-nt
circuit, and a short-circuit stable, two-terminal negative-resistance device with its
specific equivalent circuit. The equivalent circuits for these two devices are duals of
each other. The static current/voltage characteristic curves for the two types of
negative-resistance devices affect their dynamic equ-valent circuits.

It is shown that the static current/voltage characteristic curve for the negative-
resistance device has a limited negative-slope region since the device possesses par-
ticular physical restrictions. The complete equivalent circuit for the current-controlled
and voltage-controlled negative-resistance devices is derived by recognizing specific
information about the device. The basic equivalent circuit for the negative-resistance
device is obtained by assuming a cause-effect relationship between the current and
voltage of the device and then by using the Taylor Series expansion on the cause. The
basic equivalent circuit for the negi tive-resistance device is related to the static
current/voltage characteristic curve when the device is operated as a trigger circuit.
Expressions for the input admittance of the current-controlled negative-resistance
device and the input impedance of the voltage-controlled negative-resistance device
are derived from the equivalent circuit of the device. The homogeneous linear second-
order differential equation that describes the limited behavior of the negative-resistance
device is also obtained from the equivalent circuit of the device. The fundamental
energy storage element is determined for the basic equivalent circuit to approximate
the behavior of the negative-resistance device. The stability regions which come from
the ). ogeneous linear second-order differential equation pertain to the operation of
the negative-resistance device. When the negative-resistance device is operated as :n
oscillator, the instantaneous operating point describes a limit cycle for steady state
conditions. The theory of the current-controlled negative-resistance device is explained
using the glow discharge tube as an example. The theory of the voltage-controlled
negative-resistance device is partially explained and partially simulated when the vacuum
tube tetrode is used for an example.
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SECTION I

INTRODUCTION

This report discusses some aspects of the dynamic behavior of a open-circ-&t
stable, two-terminal negative-resistance device with its particular equivalent circuit
as well as the d3namic behavior of short-circuit stable, two-terminal negative-resis-
tance devricc with its .articular equivalen circuit. The equivalent circuits for these
two devices are du*ls of each other. TLe staic current/voltage characteris-ic curves
for the above negative-resis e devices influece their drn2=aic ezuivaent circuits.

The currents mnd voltages that- describe the behavior c4 the s3stem are dependentL
upn the values of the parameters such as resistance, iductnce, and c2Acitanxe. as
well as time. The operation of the system is desc-f-bed mathematically by writing
equations where !he currents %ad voltages appear either directly or as derivaives or
integrals with respect to time. The comstants in the equations are determined by the
varameters of the .wstem. if a single dependent 'variable is suffizient to descrbe the
behavior, only derivatives =d integrals involving this one quantity appear. ft i3 often
possible to eliminate any integrals by differentiation. The resulting equatons ha-:ig

only derivatives with res_ect to e variable swch as tL-e ard called ordinary diff en-
tial emuations.

If the depenndnt ,ariables such as current and voltage or their derivatives 2pear
only to the fu-st power, the differential eq-axions are line=. if powers Other than the
first appear, or if the variables appear as Products wxiib -e annther or it heir de-
riratives, the differential equatinons are nwninear. The equation describig acproi-
maely a circuit with a carrent-conrolled negative-resistace device as sbow-m in
Figure 9-1 is a nonlinear different l equati-7

d-i ra 3b di I ift)
d- c c c dcC c c c C

where the voltage across the terminals of the device is e-132 to the func ion of the cu,-
rent tbro.gh the terminals.

v = -a - bi
3bi2 di bhi

The terms involving L3 dt L C R re noninear terms.
L Ct C Rc cc c
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The solution for a differential equation s a direct function of the dependent vari-
able. The mout common type of differential equation where solutions are easily found
is a linear lifferential equation with constant coefficients.

In the case of a negative-resistance device, one f the first-order differential
equations is so complicated that an exact solution is not possible. It was necessary to
simplify the equation by the use of Taylor's Series. Higher than first-order derivatives
were neglected by assuming that the variations of signal arr small. Consequently, the
slope of current/voltage characteristic curve is assumed to be approximately a constant.
This assumption leads to a simplified equation. While this equation did not describe the
situation exactly, it described important features of the rhenomenon of the device. The
simplified equation is combined with a linear first-order .fferential equation to obtain
a second-order homogeneous lhiear differential equation which describes the behavior
of the negative-resistance device.

This report consists of relating the dynamic and static characteristics of some
negative-resistance devices by deriving expressions for their input impedances and
admittances as well as by deriving the second-order differential equation based on
the physical properties of the device.

This report is intended to . :ovide the engineer and scientist with a better under-
standing of negative-resistance devices. The operation of the negative-resistance de-
vice for small varying signals can at least to the first order be described by piecewise
linear differential equations with constant coefficients. These equations can be solved
by applying certain relatively simple rules. Comparatively speaking, this report is a
very small contribution when measured against the size of the field which it touches.
The only purpose has been to present a readable and easily understandable -eport which
relates the static current/voltage characteristic curve for the negative-resistance device
to the dynamic equivalent circuit for the device.

The general organization of this report is along the following lines: Section II dis-
cusses some of the differences between positive-resistance devices and negative-resis-
tance devices. Section III explains the physical reasons for the static current/voltage
characteristic curve of the negative-resistance device to have a limited negative-slope
region and shows the difference between the characieristic curves for the current-
controlled and voltage-controlled negative-resistance devices. Section IV derives the
equivalent circuit for the two types of negative-resistance devices by knowing certain
information about the device. Section V explains the principle of duality. Section VI
derives the basic equivalent circuit for the negative-resistance device by assuming a
cause - effect relationship between the current and the voltage of the device. Section
VII states a few of the properties for stability of negative-resistance devices. Section
VIII explains the operation of a negative-resistance device whibh is used as a trigger
circuit and shows the relationship between the static characteristic curve and the basic
dynamic equivalent circuit. Section IX derives the linear, second order, differential,
homogeneous equation which describes the limited behavior of the negative-resistance
device. Section X examines which type of reactive element is essential in the basic
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equivalent circuit to approximate the behavior of the negative-resistance device. Sec-
tion X discusses the different stability regions for the operation of the negative-resis-
tance device. Section XII explains the behavior of a negative-resistance device which
is used as an oscillator by showing the instantaneous operating point describing a limit
cycle for steady state conditions. Section XII explains the theory for the current-
controlled negative-resistance device by using the glow discharge tube. Section XIV
explains the theory for the voltage-controlled negative-resistance device by using the
vacuum tube tetrode. Section XV is a list of some of the different types of negative-
resistance devices.

3/4



SECTION II

NEGATIVE AND POSITIVE RESISTANCE

Negative resistance indicates that the slope of the current/voltage characteristic
curve has a negative sign, whereas positive resistance indicates that the slope of the
characteristic curve has a positive sign. The slope of the characteristic curve for a
positive-resistance device is positive for the entire range of operation, as shown in
Figure 2-1. Devices which possess a negative resistance are limited in the energy that
they can handle, since these devices exhibit a negative resistance only over a re-
stricted range. This is a property that is not associated with positive-resistance
devices. Both of these devices are dependent on craantities, such as temperature,
type of material, etc. The slope of the characteristic curve for a metallic resistor
decreases with an increase in temperature for a certain range. The magnitude of the
slope in the negative-resistance portion of the characteristic curve for a germanium
tunnel diode increases with an increase in temperature for a particular range. A posi-
tive resistance dissipates energy; however, a negative resistance generates energy
proportional to the square of the a. c. current through or the a. c. voltage across the
terminals of the device. A negative resistance must have a source of energy and a
means of controlling it in order to generate energy.

A physically realizable negative-resistance device is not the reverse of a positive-
resistance device which has an almost linear interdependent current/voltage relation-
ship as shown in Figure 2-1. A negative-resistance device utilizes an inherent phenom-
enon which does not have a linear interdependent current/voltage relationship. A
current-controlled negative-resistance device operating in the negative-slope portion of
its characteristic curve is a single-valued function of current and a triple-valued func-
tion of voltage. A voltage-controlled negative-resistance device operating in the
negative-slope region of its characteristic is a single-valued function of voltage and a
triple-valued function of current. The current/voltage characteristic curves for the
two types of devices are shown in Figure 3-1.

A good explanation on negative and positive resistance is given by Herold (14).
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Figure 2-1. Linear Current/Voltage Characteristic Curve for a
Positive-Resistance Device
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SECTION III

CHARACTERISTIC CURVE

An ideal negative-resistance device is completely amplitude and frequency in-
dey-ndent, however a real negative-resistance device has a resistive cut-off frequency
above which it cannot amplify any longer. A real device must have a current/voltage
characteristic curve with positive slope for high current and voltage as shown in
Figure 3-1, because it could not handle infinite power. The region of interest has a
negative slope which is equal to the reciprocal of the incremental negative resistance
of the device. The characteristic curve cannot have a negative slope at the origin. If
there were a negative slope at the origin, the result would be power output without any
power input. This would violate the principle of the conservation of energy. Con-
sequently, the region of negative slope must be inserted betw/een the regions of positive
slope. The transition between the positive-slope regions and the negative-slope region
can be made only in the two ways shown in Figure 3-1. At a point P between regicns
of positive and negative slope, the characteristic curve for the current-controlled
negative-resistance device has an infinite slope which is equal to zero incremental
resistance. Similarly, the characteristic curve for the voltage-controlled negative-
resistance device has a zero slope which is equal to infinite incremental resistance.

The static current/voltage characteristic curve shows that the current-controlled
negative-resistance device is uniquely controlled by the current passing through the
terminals of the device, since its characteristic curve is a single-valued function of
current. Analogously, the voltage-controlled negative-resistance device is uniquely
controlled by the voltage across the terminals of the device, because its characteristic
curve is a single-valued function of voltage. Control by the other variable is impossible,
since the static current/voltage characteristic curve is triple-valued in the negative-
slope region. The characteristic curve for the current-controlled negative-resistance
device is called an S-type curve and for the voltage-controlled negative-resistance
device is called an N-type curve.

There are many references which deal with the static current, voltage characteristic curve for negative-
resistance devices. Two excellent ones are Hall (13) and Thompson (31).

7
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SECTION IV

EQUIVALENT CIRCUIT

The current-controlled and the voltage-controlled negative-resistance devices have
dynamic equivalent circuits -which correspond to their frequency dependent properties.
The purpose of ar equivalent circuit is to represent the frequency dependence of a device
by means of frequency independent parameters and related formulas. For example,
consider a two-terminal device which can amplify or oscillate, is open-circuit stable,
and requires d. c. bias current. Since the device is open-circuit stable, it is stable
with a current source at the input terminals. The amplifying mechanism of the device
is represented by a current-controlled negative resistance and the remaining parameters
by a four-terminal black box as shown in Figure 4-1. It is assumed that the negative
resistance is frequency independent. All known two-terminal, negative-resistance
devices have a resistive cut-off frequency above which they cannot amplify any longer.
If the black box did not ccntain any loss resistance, then a finite cut-off frequency would
not exist. The loss resistance cannot appear directly in series or parallel with the
negative resistance. If it did, the loss resistance would be frequency independent, and
the resistive cut-off frequency would still have to be infinite or zero. Consequently,
there would have to be a reactance in the box adjoining the negative resistance. The
d. c. bias current requirement eliminates series capacitors and shunt inductors, there-
fore a low pass structure is required. The next element must be either a shunt capaci-
tor or a series inductor. If it were a shunt capacitor, then at some adequately high
frequency the inpu. impedapee as shown in Figure 4-2 could be very small. Then the
device would be unstable. Since it was assumed to be open-circuit stable, the shunt
capacitor is excluded. "Therefore, the second element of the equivalent circuit must
be a series inductanc* as shown i Figure 4-3.

( LINEAR
OPEN- PASSIVE CURREN T-
CIRCUIT BILATERAL CONTROLLED
STABLE NETWORK NEGATIVE
TERMiINALS WITH LOSS RESISTANCE

\ 0

Figure 4-1. Representation of An Open-Circuit Stable Two-Terminal Device

The equivalent circuit for the current-controlled and voltage-controlled negative-resistance devices is
derived by recognizing particular information about the device. There is a fine discussion by Hall (13).

9
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PASSIVE
Z (,w) C CIRCUIT

0-I

Figure 4-2. Equivalent Circuit of a Low Impedance Device at a High Frequency

L

C

OPEN-r
CIRCUIT ) PASSIVE Irc
STABLE CIRCUIT
TERMINALS o

Figure 4-3. Basic Equivalent Circuit of Open-Circuit Stable
Negative-Resistance Device

Positive resistance or loss can now be introduce. as a shunt resistance to yield a
finite resistive cut-off frequency. Shunt capacitance can be inserted in the equivalent
circuit to produce a resonant frequency or self-frequency of oscillation. From here
on, any low-pass structure of series inductors, shunt capacitors, and shunt resistors
is possible. This equivalent circuit as shown in Figure 4-4 is typical for current-
controlled negati- -resistance devices.

Analogous reasoning applies to a two-terminal device which can amplify or oscillate,
is short-circuit stable, and requires d. c. bias voltage. Because the device is short-
circuit stable, it is stable with a volt.tge generator at the input terminals. The ampli-
fying mechanism of the device is represented by a voltage-controlled negative resistance
and the remaining parameters by a four-terminal black box as shown in Figure 4-5. It
is assumed that the negative resistance is frequency independent. Shunt inductors and
series capacitors are eliminated because of the bias voltage requirement. The next

10
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OPEN-I
CIRCUIT C
STABLE , CC - Irc!
TERMINALS [

Figure 4-4. Complete Equivalent Circuit of the Open-Circuit Stable,
Two-Terminal Negative-Resistance Device

(o LINEAR
SHORT- PASSIVE VOLTAGE-
CIRCUIT BILATERAL CONTROLLED
STABLE NETWORK NEGATIVE

TERMINALS WITH LOSS RESISTANCE

0

Figure 4-5. Representation of a Short-Circuit Stable,
Two-Terminal Device

element must be either a series inductor or a shunt capacitor. If it were a series in-
du-.or, then at some sufficiently high frequency the input impedance as shown in
T',gure 4-6 could be very large. Evidently the device would be unstable. Because it
was supposed to be short-circuit stable, the series inductor is eliminated. Consequent-
ly, the second element of the equivalent circuit must be a shunt capacitor as shown in

Figure 4-7. Positive resistance can be introduce as a series resistance to produce a
finite resistive cut-off frequency. Series inductance is inserted to yield a self-
frequency of oscillation. This equivalent circuit as shown in Figure 4-8 is typical for
voltage-controlled negative-resistance devices.

11
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PASSIVE
CIRCUIT

Z {jW)

0_ _0

Figure 4-6. Equivalent Circuit of a High-Impedance Device at a High Frequency

[0
SHORT-
CIRCUIT PASSIVE _rv 1
STABLE CIRCUIT C tr
TERMINALS I

Figure 4-7. Basic Equivalent Circuit of Short-Circuit Stable

Negative-Resistance Device

SHORT- V1
CIRCUIT Cv Iv
STABLEI
TERMINALS

Figure 4-8. Complete Equivalent Circuit of Short-Circuit Stable,
Two-Terminal Negative-Resistance Device
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SECTION V

DUALITY

T--o network elements ar dual if they plav s roles in zbe form-aian of !Te

laws vd procedures of network theory A-ich come amder the generml beatbng of lop

analsis and node 2nalysis.

Two branncbes ae dual if the expression for volage in terms of cur-met o the

first b-anch has the sm form as fbe e ressdui for :he curr-t in terms of the volt-

age of !he second brnch. T-"e dual pairs of current-oltage relzioeships- ae

in Table 5-1.

TABLE 5-1. DUAL BRANCHES

--0-- ---

v(M = i(t)R ift)= r(t)G

v(t) L di i(t) = C d r
4. .-.---.

t d

o o
0 0I

4- ------- 4W --------

v, = f(C) i= I

tosr act B11xi gz s Se3. -m 2S ck sr3 2=2
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Two networks, N1 and N2 are dual networks if the following conditions are satis-
fied:

1. The current equations of Ni are the same as the voltage equations of N2, pro-
vided current is replaced by voltage.

2. The voltage equations of N1 are the same as the current equations of N2, pro-
vided voltage is replaced by current.

3. The branches of N1 are the duals of the corresponding branches of N2. A list
cf some dual quantities and laws is given in Table 5-2.

In some of the succeeding sections, the concept of duality is used to obtain results
concerning one network when the corresponding results for the dual network are avail-
able.

TABLE 5-2. DUAL QUANTITIES AND LAWS

Voltage Current

Kirchhoff's voltage law Kirchhoff's current law

Loop Nodc

Number of loops Number of nodes

Node voltage Loop current

Resistance Conductance

Inductance Capacitance

Series Parallel

Short-Circuit Open-Circuit

Loop equations Node equations

14



4

SECTION VI

STRAY REACTIVE ;LEMENTS RELATED TO TIME DELAYS

This section explains the requirement for energy-storage elements in the small-

signal dynamic equivalent circuits for negative-resistance devices in terms of the
time delay in the mechanism of behavior. It is assumed that the cause leads the effect
by a short time interval since the behavior of the device can be approximated with an
appropriate inductor or capacitor in the equivalent circuit. In a current-controlled

negative-resi.tance device where the voltage is a single-valued function of the current,
it is assumed that the cause is the current and th, effect is the voltage. Similarly, in

a voltage-controlled negative-resistance device where the current is a unique function
of the voltage, it is assumed that the cause is the voltage and the effect is the current.

If a negative-resistance device has a static current/voltage characteristic curve

that is continuous and possesses a continuous first derivative, this characteristic
curve can be approximated by any small segment which has the following current-
voltage relationships

I = a + bV (6-1)

or

V = d + hi (6-2)

The constants d and h can be expressed in terms of the constants a and b, or
vice verzs. In the negative slope region b and h are negative.

When the current and voltage become functions of time, equations 6-1 and 6-2 can

be written as

i(t) = a + bv(t - t ) (6-3)

or

v(t) = d + hi(t - t ) (6-4)

depending on whether the current or voltage is the cause and the .oltage or current is

the effect. Equations 6-1 and 6-2 are sound for both types of characteristic curves,

The derivation of the basic equivalent circuit for the current-controlled and voltage-controlled negative-
resistance devices from the Taylor Series is discussed by Card (9).
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but equation 6-3 is valid only for an N-type characteristic curve in the region where
its negative slope is linear. Analogously, equation 6-4 ,- valid only for an S-type
characteristic curve in the region where its negative slope is linear. Implied in the
above statements are the assumptions that current-controlled and single-valued func-
tion of current are equivalent, as well as voltage-controlled and single-valued function
of voltage are equivalent. For example, the voltage across the terminals of a glow
discharge tube in the negative slope-region at a time t should depend on the current
through the terminals of the tube to seconds earlier. The current through the ter-
minals of a vacuum tube tetrode in the negative-slope region at a time t should depend
on the voltage across the terminals of the tube to seconds earlier.

Once it has been determined to use the appropriate one of the equations 6-3 or 6-4,
then the type of energy storage element comes from a straight-forward derivation.
Consider the current-controlled negative-resistance device and expand i(t - to) in a
Taylor Series about t:

i~tt) i( di to2 d2 i
dt2

If the terms involving higher than first-order derivatives are neglected, equation 6-4
can be written as

div(t) =d + hi(t) - hto d-t

let d = Vo, h = rc', and -hto =Lc

di
v(t) = Vo +rci It) + Lcd (6-5)

The inductor L. is positive because h is negative in the negative-slope region. The
basic small-signal dynamic-equivalent circuit for the current-controlled negative-re-
sistance device as shown in Figure 4-3 is implied in equation 6-5.

Similarly, consider the voltage-controlled negative-resistance device and expand
v(t - to) in a Taylor Series about t:

dv to d2v

vt o) = v(t)-t o - - + dt2 +
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If the terms involving higher than first order derivatives are neglected, equation 6-3

can be written as

0 dt

1
let a = Io , b = -, and -bt o = CvS rv

i(t) = Io + v(t) + dv (6-6)rv dvt"  66

The capacitor Cv is positive because b is negative in the negative-slope region. The
basic small-signal dynamic-equivalent circuit for the voltage-controlled negative-
resistance device as shown in Figure 4-7 is implied in equation 6-6.

Equations 6-5 and 6-6 are valid only in the negative-slope region because it is pre-
ferred that azi equivalent circuit has positive values for the energy storage elements.

It i • emphasized that the source of the observed energy storage elements related
to the negative-resistance devices must be partially in the mechanism of behavior
rather than exclusively in recognizable geometric properties. Therefore, the observed
inductance of a glow discharge tube biased in the negative-slope region does not indi-
cate energy stored in a magnetic field. The observed capacitance of a vacuum tube
tetrode biased in the negative-slope region does not imply energy in an electric field.
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